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1 Factor Sets
$Q$ $m$ , $U$ $u$ .
Definition 1.1. $\psi$ : $QxQarrow U$ (factor set)
.
$\psi(\sigma,\tau)\psi(\sigma\tau,\rho)=\psi(\sigma,\tau\rho)\psi(\tau,\rho)$ (1)
$\psi(\sigma, 1)=\psi(1,\tau)=1(\forall\sigma,\tau,\rho\in Q)$ (2)
, $Q$ $U$ $G\psi=UxQ$ .
$(a, \sigma)(b, \tau)=(ab\psi(\sigma, \tau),$ $\sigma\tau$ )
$\bullet$
Definition 1.2. $mu$ $G$ $G$ $u$ $U$
.
$(\star)$ $U\leq Z(G)$ $G/U$
, $Q=G/U(=\{Ug|g\in G\})$ , $G/U$ $T(\ni 1)$
, $f$ \ddagger $Qarrow T$ $\{f(\sigma)\}=\sigma\cap T$ .
$\psi\tau$ : $QxQarrow U$ .
$\psi_{T}(\sigma,\tau)=f(\sigma)f(\tau)f(\sigma\tau)^{-1}\in U$
(ie. $f(\sigma)f(\tau)=\psi(\sigma,\tau)f(\sigma\tau)$ )
Deflnition 1.3. $G$ $R$ $U$ $(m,u,m,m/u)-$
( ) $|G|=mu,$ $|U|=u,$ $|R|=m$
$d_{1}d_{2}^{-1}(d_{1}, d_{2}\in R, d_{1}\neq d_{2})$ $G\backslash U$ $\lambda(=m/u)$
$U$ .
$R$ translate $Rg(g\in G)$
, $R$ . $1\in R$ (
). $R$ $G/U$ , $1\in R$
, $\psi_{R}$ (1)(2) .
.
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Result 1.4. ( $J$ . C. $Galati[2]$ , Perera-Horadam [3]) $G$ $U$
$(\star)$ . $R$ $G$ $(m, u, m, m/u)$- (relative
to $U$ ) , $Q=G/U$ $\psi_{R}$ .
$(*) \sum\psi_{R}(\sigma,\tau)=\lambda\hat{U}$ in $\mathbb{Z}[U](\forall\sigma\neq 1)$
$\tau\in Q$
.
Definition 1.5. $Q,$ $U$ . $\psi(\sigma, \tau)$ : $QxQarrow U$
$\lambda$ (orthogonal factor set)
.
$(*) \sum_{\tau\in Q}\psi(\sigma,\tau)=\lambda U(\forall\sigma\neq 1)$
Result 1.4 .
$\bullet$
Result 1.6. ( $J$ . C. Galati $|2]$ , Perera-Horadam [3]) $Q,$ $U$
. $\psi(\sigma, \tau):Q\cross Qarrow U$ $\lambda$ {1} $xQ$









$M(x_{1}, \cdots x_{n-1})$ $(x_{1}, \cdots,x_{n-1})$ .
$G_{\mathfrak{n},F}=\{(x_{1}, \cdots, x_{n-1})|x_{1}, \cdots, x_{n-1}\in F=GF(q)\}$
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$G=G_{n,F}$ $q^{n-1}$ .
$(x_{1}, \cdots x_{n-1})(y_{1}, \cdots y_{n-1})$
$=(x_{1}+y_{1},x_{2}+y_{2}+x_{1}y_{1},$ $\cdots,$ $x_{k}+y_{k}+ \sum_{i=1}^{k-1}x_{i}y_{k-i}$ ,
... , $x_{n-1}+y_{n-1}+ \sum_{i=1}^{n-2}x_{i}y_{\mathfrak{n}-1-i}$ )
T. Feng .
Result 2.1. (T. Feng [1]) $f(x)=a^{2}x^{2}+bx+c(a,b, c\in F)$
$R=\{(x_{1}, \cdots,x_{n-2}, f(x_{1})|x_{1}, \cdots,x_{\mathfrak{n}-2}\in F\}$
$G_{\mathfrak{n},P}$ $(q^{n-2}, q, q^{\mathfrak{n}-2}, q^{n-3})$ - (rel. to $U=0x$ . . . $x0xF$)
. $(n, 2a)\neq(3,1)$ .
.
Theorem 2.2. $a\in F=GF(p^{e})$ $F$ $F$ homomorphism
$\theta_{1},$ $\cdots\theta_{\mathfrak{n}-2}$
$f(x_{1}, \cdots, x_{n-2})=ax_{1}^{2}+x_{1}^{\theta_{1}}+x_{2}^{\theta_{2}}+\cdots+x_{n-2}^{\theta_{n-2}}$
$R=\{(x_{1}, \cdots,x_{n-2}, f(x_{1}, \cdots,x_{n-2}))|x_{1}, \cdots,x_{n-2}\in F\}$
$G_{n,F}$ $(q^{\mathfrak{n}-2}, q, q^{\mathfrak{n}-2}, qq^{n-3})$- (rel. to $U=0x$ . . . $x0xF$)
. $(n,2a)\neq(3,1)$ .
( )
$Q=G_{\mathfrak{n}-1,F}=\{(x_{1}, \cdots x_{n-2})|x_{1}, \cdots, x_{n-2}\in F\}$ $x=(x_{1}, \cdots, x_{\mathfrak{n}-2})\in$
$Q$ $\tilde{x}=(x, f(x))$ . $x,$ $y\in Q$ $\tilde{x}\tilde{y}(xy)1=$
$(0, \cdots 0, \psi(x, y))$
$\psi(x,y)$ $=$
$f(x)+f(y)-f(xy)+ \sum_{1\leq k\leq n-2}x_{k}y_{n-1-k}$
$=$ $-2ax_{1}y_{1}-(x_{1}y_{1})^{\theta a}-(x_{1}y_{2}+x_{2}y_{1})^{\theta_{\theta}}-\cdots$
$-(x_{1}y_{\mathfrak{n}-3}+\cdots+x_{n-3}y_{1})^{\theta_{n-2}}+x_{1}y_{n-2}+x_{2}y_{\mathfrak{n}-3}+\cdots+x_{n-2}y_{1}$
$x=(x_{1}, \cdots x_{n-2})\neq(0, \cdots 0)$ , $s\in F$
.
$(\star)\psi(x, y)=s$ $y=(y_{1}, \cdots, y_{\mathfrak{n}-2})$ $q^{n-3}$ .
$n=3$ $\psi(x,y)=-2ax_{1}y_{1}+x_{1}y_{1}=(1-2a)x_{1}y_{1}$ $1-2a\neq 0$
. $n\geq 4$ .
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CASE $x_{1}\neq 0$
$y_{n-2}$ $x_{1}y_{\mathfrak{n}-2}$ . $x_{1}\neq 0$ $(\star)$
.
$c_{1}=\cdots=c_{k-1}=0$ $c_{k}\neq 0(2\leq k\leq n-2)$ .
$\psi(c, y)=(c_{k}y_{1})^{\theta_{k+1}}+(c_{k}y_{2}+c_{k+1}y_{1})^{\theta_{k+2}}+\cdots+(c_{k}y_{n-k-2}+c_{k+1}y_{n-k-3}+$
$+c_{n-3}y_{1})^{\theta_{n-2}}+c_{k}y_{n-k-1}+c_{k+1}y_{n-k-2}+\cdots+c_{n-2}y_{1}$
. $\psi(c, y)$ $y_{n-k-1}$ $c_{k},$ $(\star)$
$c_{k}$ $c_{k}$ 1 $(\star)$
.
3 $(q, q,q, 1)$-
$P$ $F(+, \cdot)$ $q=p^{\epsilon}$ pre-semifleld
.
(i) $F(+)$ $0$ elementary abelian $P$- .
(Ii) $ab=0$ $a=0$ $b=0$ .
(iii) : $a(b+c)=ab+ac,$ $(a+b)c=ac+bc$
$F$ $q=p^{\epsilon}$ pre-semifield . , $\theta$ $F(+)$ $F(+)$
homomorphism . , $P^{2e}$ $G$ .
$G=FxF$, $(a,b)(c,d)=(a+c,b+d+ac^{\theta})\forall(a,b),$ $(c, d)\in G$
$U=0xF$ $U\leq Z(G)$ $G/U\simeq(F, +)$ . $\theta$




(iii) $(a,b)^{i}=(-ia, -ib+ \frac{i(1-1)}{2}aa^{\theta})$
(i\"u) $C_{G}(a,b)=\{(x, y)|ax^{\theta}=xa^{\theta}\}$
$f$ $F$ $F$ $R=R_{f}=\{(x, f(x))|x\in F\}$ $R$
$G/U$ . $R$ $\psi=\psi_{R}$ .
$\psi(a,b)=f(a)+f(b)-f(a+b)+ab^{\theta}$ (3)
( ) $(a, f(a))(b, f(b))(a+b, f(a+b))^{-1}=(a+b, f(a)+f(b)+ab^{\theta})(-(a+$
$b),$ $-f(a+b)+(a+b)(a+b)^{\theta})=(0, f(a)+f(b)+ab^{\theta}-f(a+b)+(a+$
$b)(a+b)^{\theta}+(a+b)(-(a+b))^{\theta})=(O, f(a)+f(b)-f(a+b)+ab^{\theta})$ .
(3) Result 1.6 $a\in F\backslash \{0\}$
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$(\star)f(a)+f(x)-f(a+x)+ax^{\theta}$
1:1 $R_{f}$ $G$ $(q, q, q, 1)$ (rel. to $U$ ) .
Theorem 3.2. $F=GF(p^{e}),$ $F^{*}=(\omega\rangle$ , $x^{\theta}=x^{p^{m}},$ $\Gamma=\langle\omega\rangle\backslash \langle\omega^{p^{m}-1}\rangle$
. $f(x)=ix^{2}+cx+jx^{1+\theta}$ (i) (ii) $R_{f}$
$G$ $(p^{\epsilon},p^{e},p^{\epsilon}, 1)$= (rel. to $U$ ) .
(i) $j=1$ $-2i\in\Gamma\cup\{0\}$ .
$(i\ddagger)j\neq 1$ $\{\frac{2i+jw^{(\rho^{m}-1)k}}{1-j}|0\leq k<p^{\epsilon}-1\}\subset\Gamma\cup\{0\}$ .
( ) $\psi(a,x)=f(a)+f(x)-f(a+x)+ax^{\theta}=-(2ia+ja^{\theta})x+(1-j)ax^{\theta}$
. $a\neq 0$ 1:1
.
$r=2ia+ja^{\theta},$ $s=(1-j)a$ , $\psi(a,x)=k-rx+sx^{\theta}$ ,
.
$\psi(a, x)=\psi(a,y)(\exists x\neq\exists y)\Leftrightarrow r(x-y)=s(x-y)^{\theta}(\exists x\neq\exists y)\Leftrightarrow r=$
$sz^{p^{m}-1}(\exists z\neq 0)$ .
$r\neq sz^{p^{m}-1}(\forall z\neq 0)$ .
CASE I: $j=1$
. $r=2ia+a^{\theta},$ $s=0$ $r\neq 0$ , $i=0$
$-2i\in\langle\omega$) $\backslash \langle w^{p^{m}-1}\rangle$ . (i) .
CASE II: $j\neq 1$
$r\neq 0$ $a\neq 0$ $\underline{r}\in\Gamma$ .
$2i+ja^{p^{m}-1}\neq 0$ $a\neq 0$ $\frac{2i+ja^{p^{n}-1}\epsilon}{1-j}\in\Gamma$ . ,
(ii) .
.
Corollary 3.3. $f(x)$ $R_{f}$ $G$ $(p^{e},p^{e},p^{e}, 1)$-





Example 3.4. $R_{f}$ $G$ $(p^{\epsilon},p^{e},p^{e}, 1)$- (rel. to $U$ )
. $w$ $GF(p^{e})$ . (GAP , $\prime^{6^{}1}+\cdots+p+1$
$GF(p)$ ” ” )
(i) $p=5,$ $e=2,$ $m=1,$ $i=1,$ $j=w$.
(ii) $p=7,$ $e,$ $=2,$ $m=1,$ $i=1,$ $j=\omega^{4}$ .
(iii) $p=3,$ $e=4,$ $m=2,$ $i=\omega^{10},$ $j=\omega^{10}$ .
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(iv) $p=5,$ $e=4,$ $m=2,$ $i=1,$ $j=3$ .
(v) $p=7,$ $e=4,$ $m=2,$ $i=1,$ $j=2$ .
(vi) $p=3,$ $e=6,$ $m=3,$ $i=\omega^{91},$ $j=\omega^{28}$ .
(vii) $p=5,$ $e=6,$ $m=3,$ $i=1,$ $j=\omega^{651}$ .
(viii) $p=3,$ $e=8,$ $i=w^{820},$ $j=2$ .
$o$ Albert’s twisted pre-semifield
$F=GF(p^{\mathfrak{n}}),$ $F^{*}=\langle\omega$)
$x\circ y=xy^{q}-cx^{q}y$ . . $q=p^{m}(\leq p^{n})$ $c\not\in\langle w^{q-1}\rangle$ .
Example 3.5. $n=2m$. $x^{\theta}=x^{q}$ . $f(x)=kx^{2}$ . ,
$f(a)+f(x)-f(a+y)+a\circ x^{\theta}=ka^{2}+kx^{2}-k(a^{2}+x^{2}+2ax)+a(x^{\theta})^{q}-ca^{q}x^{\theta}=$
$-2k(ax)-(ax)-c(ax)^{q}=-(2k+1)(ax)-c(ax)^{q}$ . linear map
$2k+1=0$ $\frac{-(2k+1)}{c}\not\in\langle w^{q-1}$ ) . $k=- \frac{c^{l}+1}{2}$
.
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